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form , form , Fourier
, Hecke .
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$\text{ }$ . Hilbert cusp form effiptic
cusp form , ideal
, . , $F$ 1
. $F$ ideal , $F$
ideal . Hecke $F$ ideal
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He&e










formulation [Shimura] . level
$F$ $0_{F}$ .
$F$ , $g$ . $\mathrm{a},$ $\mathrm{h}$ $F$
archimedean primes, nonarchimedean primes . $F_{\mathrm{A}}$ $F$.
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adele , $F_{\mathrm{A}}^{\cross}$ idele . $F_{\mathrm{a}},$ $F_{\mathrm{h}},$ $F_{v}$ $F_{\mathrm{A}}$ $\mathrm{a},$ $\mathrm{h},$ $v$-part
. $0_{\mathfrak{p}},$ $V_{\mathfrak{p}}$ $0_{F},$ $\mathrm{O}_{F}$ $F_{\mathfrak{p}}$ [ topological closure
( $\mathrm{O}_{F}$ $F$ ). $0_{\mathrm{h}}= \prod_{\mathfrak{p}\in \mathrm{h}}\mathit{0}_{\mathfrak{p}}$ .
$G=GL_{2}(F)$ , $G$ mlelization $G_{\mathrm{A}}$ . $G$ $G_{\mathrm{a}},$ $G_{\mathrm{h}}$ ,
$G_{v}$ G $\mathrm{a},$ $\mathrm{h},$ $v$-part . $G_{\mathrm{a}+}=\{x\in G_{\mathrm{a}}|\det(x_{v})>$
$0$ for all $v\in \mathrm{a}$} . $\delta\in F_{\mathrm{h}}$ $\mathfrak{p}\in \mathrm{h}$ 1 $\delta_{\mathfrak{p}}0_{\mathfrak{p}}=V_{\mathfrak{p}}$
,
$\mathrm{Y}_{\mathrm{h}}=(\begin{array}{ll}\mathrm{l} 00 \delta\end{array})M_{2}(0_{\mathrm{h}})(\begin{array}{ll}\mathrm{l} 00 \delta\end{array})\cap G_{\mathrm{h}}$,
$\ovalbox{\tt\small REJECT}=(\begin{array}{ll}\mathrm{l} 00 \delta\end{array})GL_{2}(0_{\mathrm{h}})(\begin{array}{ll}\mathrm{l} 00 \delta\end{array})$ ,
$\mathrm{Y}=G_{\mathrm{a}+}\mathrm{Y}_{\mathrm{h}}$ , $W=G_{\mathrm{a}+}W_{\mathrm{h}}$
.
$\psi$ $F$ Hecke character $\psi(0_{\mathrm{h}}^{\cross})=1$ , $k$ $\mathrm{Z}^{g}$
, $S_{k}(0_{F}, \psi)$ ( $GL(2)$ ) weight $k$ , level $0_{F}$ , character $\psi$
mlelic Hilbert cusp forms , (i), (ii), (iii) $G_{\mathrm{A}}$
$\mathrm{f}$ :
(i) $s\in F_{\mathrm{A}}^{\mathrm{x}},$ $a\in G,$ $w\in W_{\mathrm{h}},$ $u\in SO_{2}(F_{\mathrm{a}})$ t , $\mathrm{f}(saxwu)=$
$\psi(s)\mathrm{f}(x)J_{k}(u, \mathrm{i})^{-1}$ $(x\in G_{\mathrm{A}})$ ,
(ii) $a\in G_{\mathrm{h}}$ $f_{a}(x+\mathrm{i}y)=\mathrm{f}(a(_{01}^{yx}))J_{k}((_{01}^{yx}),$ $\mathrm{i})$ $H^{g}$
,
(iii) $x\in G_{\mathrm{A}}$ [
$\int_{F_{\mathrm{A}}/F}\mathrm{f}((_{01}1u)x)d\mu(u)=0$ ,
$J_{k}(u, z)= \prod_{v\in \mathrm{a}}(\det(u_{v})^{-k_{v}/2}(c_{v}z_{v}+d_{v})^{k_{v}})$ $(u=(_{cd}^{**})\in G_{\mathrm{a}+}),$ $H$
, $\mathrm{i}=(i, \ldots, i)\in H^{g},$ $d\mu$ $F_{\mathrm{A}}/F$ Haar measure .
(i) , (ii) , (iii) cuspidal
. , $F\neq \mathrm{Q}$ , (i), (ii) mlelic Hilbert
modular form , . ( $F=\mathrm{Q}$ ,
cusp )
$S_{k}(0_{F}, \psi)$ $\mathrm{C}$ vector . Petersson
standard .
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$\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{C}}(S_{k}(0_{F}, \psi))$ . Hecke .
$\mathrm{f}\in$ $S_{k}(0_{F}, \psi)$ $T(a)$ , $f1_{2}(z)$ $=$
$\sum_{\xi}c(\xi)e_{F}(\xi z)$ ( $1_{2}\in G_{\mathrm{h}}$ , $f_{12}$ (ii) )
$\xi=1$ Fourier $c(1)$ 1 , $\mathrm{f}$ primitive form
. ( scalar ,
) $S_{k}(0_{F},\psi)$ primitive forms .
2Race Formula
Hecke $T(a)$ traoe $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ fommla
.
$\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ formula 1950 Eichler Selberg
. elliptic cusp form , ,
Hilbert cusp form . [Saito] ,
formula . ( level $0_{F}$
) formula Hecke
$T(a)$ $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ .
[Saito] formula order conductor ,
. $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ , $F$
2 $K$ ,
(i) $D_{K/F}= \prod_{\mathfrak{p}\in \mathrm{h}}D_{\mathrm{p}}$ : ,
if $\mathfrak{p}$ splits in $K$ ,
(ii) $( \frac{K}{\mathrm{p}})=\{\begin{array}{l}1-1\mathrm{i}\mathrm{f}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\dot{\mathrm{m}}\mathrm{s}\mathrm{p}\mathrm{r}\dot{\mathrm{m}}\mathrm{e} \mathrm{i}\mathrm{n} K0\mathrm{i}\mathrm{f}\mathfrak{p}\mathrm{r}\mathfrak{W}\mathrm{i}fi \mathrm{e}\mathrm{s}\mathrm{i}\mathrm{n}K\end{array}$ $(\mathfrak{p}\in \mathrm{h})$ ,
(iii) $L_{F}(0, \chi_{K/F})$ ( $\chi_{K/F}$ $K/F$ character)
3 factor .
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2 $F$ , (i), (ii) $K=F(\sqrt{\alpha})(\alpha\in 0_{F})$
$\alpha$ $F_{\mathfrak{p}}$ .
(iii) [Shintani] .
2 $F=\mathrm{Q}(\sqrt{m}),$ $m\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ Hecke $T(a)$ $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$
, [Okada] .
3Numerical example
section $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ formula Hecke
.
$F=\mathrm{Q}(\sqrt{401})$ . $F$ 5
. [ $k=(2,2),$ $\psi=\mathit{1}$ ( $\psi(F_{\mathrm{A}}^{\cross})=\{1\}$ ) . $F,$ $k,$ $\psi$
.
$\dim_{\mathrm{C}}S_{(2,2)}(0_{F}, l)=\mathrm{t}\mathrm{r}T(0_{F})=24$
. $S_{(2,2)}(0_{F}, \mathit{1})$ :
$S_{(2,2)}(0_{F}, \mathit{1})=S_{(2,2)}^{N}(0_{F}, \mathit{1})\oplus S_{(2,2)}^{0}(0_{F}, \mathit{1})$ ,
$S_{(2,2)}^{N}(0_{F}, \mathit{1})$ level 401 “Neben”-type elliptic cusp forms
$S_{2}(\Gamma_{0}(401), (^{\underline{401}}))$ Doi-Naganuma base change lifts ,
$S_{(2,2)}^{0}(0_{F}, \mathit{1})$ $S_{(2,2)}(0_{F}, \mathit{1})$ “$F$-proper” , base change
lift primitive form . effiptic cusp forms
$\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ formula $\dim_{\mathrm{C}}S_{2}(\Gamma_{0}(401), (^{\underline{401}}))=32$ ,
$\dim_{\mathrm{C}}S_{(2,2)}^{N}(0_{F}, \mathit{1})=16$ .
$\dim_{\mathrm{C}}S_{(2,2)}^{0}(0_{F}, \mathit{1})=8$ .
$S_{(2,2)}^{N}(0_{F}, \mathit{1})$ $S_{(2,2)}^{0}(0_{F}, \mathit{1})$ $T(a)$ .
$S_{(2,2)}^{N}(0_{F}, \mathit{1})$ “Neben”-type elliptic cusp forms
$S_{2}(\Gamma_{0}(401), (^{\underline{401}}))$ , Hecke . –
$S_{(2,2)}^{0}(0_{F}, \mathit{1})$ ( $F$ ) ,
$F$ . $S_{(2,2)}^{0}(0_{F}, \mathit{1})$ ,
Hecke .
Hecke
$T(a6)=T(a)T(\mathrm{b})$ if $\mathrm{g}\mathrm{c}\mathrm{d}(a, \mathfrak{b})=0_{F}$ , (3.1)
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$T(\mathfrak{p})T(\mathfrak{p}^{e})=T(\mathfrak{p}^{e+1})+N(\mathfrak{p})S(\mathfrak{p})T(\mathfrak{p}^{e-1})$ $(\mathfrak{p}\in \mathrm{h}, e\geq 1)$ . (3.2)
(3.1), (3.2) , $T(a)$ { $T(\mathfrak{p})|\mathfrak{p}$ : $F$ prime} .
$T(\mathfrak{p})$ .
$\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ formula $T(\mathfrak{p})$
, $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ formula $\mathrm{t}\mathrm{r}T(\mathfrak{p}^{\mathrm{t}})(l=1, \ldots, 8)$ ,







split prime $\mathfrak{p}$ (i.e. $(p)_{F}=\mathfrak{p}\mathfrak{p}’,$ $\mathfrak{p}\neq \mathfrak{p}’$)




$S_{(2,2)}^{0}(0_{F}, \mathit{1})$ primitive fom , $T(\mathfrak{p})$
$C_{\mathrm{f}}(\mathfrak{p})$ . $\mathrm{f}$ Hedce , $\mathrm{Q}$ $C_{\mathrm{f}}(\mathfrak{p})$


















.) $D(C_{\mathrm{f}}(\mathfrak{p}))$ $K\ovalbox{\tt\small REJECT}$ ideal .
$P_{\mathrm{f}}=D(C_{\mathrm{f}}(83\mathrm{Z}+(30+(1+\sqrt{401})/2)\mathrm{Z}))$
. ( $83\mathrm{Z}+(30+(1+\sqrt{401})/2)\mathrm{Z}$ $F$ “ ” sprit prime
norm .) $N(\text{ })=19$ $K_{\mathrm{f}}^{+}$
prime ideal .
, “ ” split prime $\mathfrak{p}$ ,
$\mathcal{P}_{\mathrm{f}}|D(C_{\mathrm{f}}(\mathfrak{p}))$
. , split prime ideal $\mathfrak{p}$ , \dagger





Andrew W es Iwasawa key
step pri tive Hilbert cusp form Eisenstein series
congruence primes , $P_{\mathrm{f}}$
$F$ non-trivial ideal class character $\chi$ Hecke
L $L_{F}(1-k_{1}, \chi)$
.




. , $S_{(2,2)}^{0}(0_{F}, \mathit{1})$ primitive forms $\mathrm{f}_{1},$ $\ldots,$ $\mathrm{f}_{8}$ ,
$K_{\mathrm{f}_{1}}^{+}\cdots K_{\mathrm{f}\epsilon}^{+}$
$P_{\mathrm{f}_{1}}\cdots P_{\mathrm{f}_{8}}=(19^{2})_{K_{\mathrm{f}_{1}}^{+}\cdots K_{\mathrm{f}_{8}}^{+}}$ .
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